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Abstract
The transfinite extension dimC of the covering dimension is introduced by P. Borst. We prove that
there exists a function h :ω1 → ω1 such that dimC  h(Ind).
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All spaces under the discussion are assumed to be metrizable and separable, all ordinals
are countable.
The transfinite inductive dimension Ind is a transfinite extension of the classical
Brouwer– ˇCech large inductive dimension Ind (see [1]). By dimC and dimW we denote
transfinite extensions of covering dimension introduced by Borst [2,3] which classify
C-compacta and weakly infinite-dimensional compacta respectively. It is known that
dimW  dimC and dimW  Ind. P.Borst has asked about connections between dimC and
Ind, in particular, whether the inequality dimC  Ind holds.
By ω1 we denote the set of all countable ordinals. In this paper we introduce a function
h :ω1 → ω1 and show that dimC  h(Ind).
The paper is organized as follows: in Section 1 we give some necessary definitions and
lemmas and in Section 2 we obtain the main result.
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1. Let L be an arbitrary set. By FinL we shall denote the collection of all finite, non-
empty subsets of L. Let M be a subset of FinL. For σ ∈ {∅} ∪ FinL we put
Mσ = {τ ∈ FinL | σ ∪ τ ∈M and σ ∩ τ = ∅}.
Let Ma abbreviate M{a}.
Definition 1 [2]. Define the ordinal number OrdM inductively as follows:
OrdM = 0 iff M = ∅,
OrdM  α iff for every a ∈ L, OrdMa < α,
OrdM = α iff OrdM  α and OrdM <α is not true, and
OrdM =∞ iff OrdM >α for every ordinal number α.
We call a subset M of FinL inclusive if for every σ , σ1 ∈ FinL such that σ ∈M and
σ1 ⊂ σ also σ1 ∈M .
A stronger version of the following lemma is proved in [2].
Lemma 2. Let L be a set and let M1, M2, M be inclusive subsets of FinL such that
whenever σ ∈M is indexed as {a1, . . . , an} there is an i ∈ {1, . . . , n} with
{aj | j < i} ∈M1 ∪ {∅} and {aj | j > i} ∈M2 ∪ {∅}.
Then, whenever we have OrdM1 < α and OrdM2 < α for a limit ordinal number α,
OrdM <α as well.
Let L be a set and M ⊂ FinL. We denote by Ma the set {σ ∈M | a ∈M} for some
a ∈ L.
Lemma 3. OrdMa OrdMa + 1.
Proof. Induction by OrdMa . If Ma = ∅, then Ma = {{a}} and OrdMa  1. Assume that
we have proved the inequality for all M ⊂ FinL and a ∈ L with OrdMa < α for some
ordinal number α > 0.
Consider the case OrdMa  α. Let b ∈ L. Evidently, (Ma)b = (Mb)a . Then we have
Ord(Ma)b =Ord(Mb)a Ord(Mb)a + 1 < OrdMa + 1.
Thus, OrdMa OrdMa + 1 and the lemma is proved. ✷
Lemma 4. Let α be an infinite ordinal number. Then OrdMa  α if OrdMa  α.
Proof. Induction by α. Let α = ω. For each b ∈ L we have
Ord(Ma)b =Ord
(
Mb
)
a
Ord
(
Mb
)a + 1 <ω.
Thus OrdMa  ω.
Assume we have proved the lemma for all β < α > ω. Let OrdMa  α. Then we have
Ord(Ma)b = Ord(Mb)a  max{Ord(Mb)a,ω} < α. Thus, OrdMa  α and the lemma is
proved. ✷
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Let L be a preordered set. A set M ⊂ FinL is called admissible if for each {s1, s2,
. . . , sn} ∈M and {r1, r2, . . . , rn} ∈ FinL such that ri  si for each i ∈ {1, . . . , n}, we have
{r1, r2, . . . , rn} ∈M .
Lemma 5. Let L be a preordered set, φ is a function from L to a set L′ such that for
each {r1, r2, . . . , rn} ∈ FinL there exists {s1, . . . , sn} ∈ FinL such that |{s1, s2, . . . , sn}| =
|{φ(s1),φ(s2), . . . , φ(sn}| and si  ri for each i ∈ {1, . . . , n}, M is an admissible
subset of FinL and M ′ ⊂ FinL′ is such that for each {r1, r2, . . . , rn} ∈ M we have
{φ(r1),φ(r2), . . . , φ(rn} ∈M ′.
Then OrdM OrdM ′.
Proof. Consider the case OrdM ′ = n ∈ N. Let {s1, s2, . . . , sn+1} ∈ FinL. Choose
{r1, r2, . . . , rn+1} ∈ FinL such that ri  si for each i ∈ {1, . . . , n + 1} and |{r1, r2, . . . ,
rn+1}| = |{φ(r1),φ(r2), . . . , φ(rn+1}|. Since OrdM ′ = n, we see that {φ(r1),φ(r2), . . . ,
φ(rn+1} /∈M ′ and {r1, r2, . . . , rn+1} /∈M . Since M is admissible, {s1, s2, . . . , sn+1} /∈M .
Hence OrdM  n.
Assume that we have proved the lemma for each M ′ with OrdM ′ < α  ω. Consider
M ′ with OrdM ′ = α. Let a ∈ L. Certainly Ma is admissible if so is M . We see that
Ord
((
M ′
)φ(a) ∪M ′φ(a))max{Ord(M ′)φ(a), OrdM ′φ(a)}< α.
(The first inequality follows from [2, 2.2.1] and the second one from Lemmas 3 and 4.) It
is easy to see that for each σ ∈Ma we have φ(σ) ∈ (M ′)φ(a) ∪M ′φ(a). By the induction
assumption we have OrdMa Ord((M ′)φ(a)∪M ′φ(a)) < α and OrdM  α. The lemma is
proved. ✷
We say that a family V refines a family U if for each element V ∈ V there exists U ∈ U
with V ⊂U . The family V of subsets of X is called disjoint if every two elements of V are
disjoint and is open if each element of V is open.
A finite sequence {αi}mi=1 of finite open covers of a space X is called inessential if there
are open disjoint families βi, i = 1, . . . , n such that βi refines αi and ⋃ni=1 βi covers X.
Otherwise it is called essential.
The following characterization of the classical covering dimension is well-known
(see [4]): dimX  n if and only if every sequence {αi}n+1i=1 of finite covers of X is
inessential.
Let X be a space. Denote by C(X) the set of all finite covers of X and
MC(X) =
{
σ ∈ FinC(X) | σ is essential in X}.
Definition 6 [3]. For a space X we set
dimC X =OrdMC(X).
Definition 7 [1]. Let X be a space and let α be an ordinal number. Then we define
IndX=−1 iff X = ∅,
IndX  α iff for every pair (A,B) of disjoint closed sets in X we can find an open
set V in X such that A⊂ V ⊂ clV ⊂X \B and Ind BdV < α,
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IndX= α iff IndX  α and IndX < α is not true, and
IndX=∞ iff IndX  α is not true for every ordinal number α.
2. By ω we denote the first infinite ordinal number. For each ordinal number β  ω by
τ (β) we denote an ordinal number defined by the equality ω+ τ (β)= β .
Definition 8. Put h(β)= ω+ω× τ (β) for β  ω and h(β)= β for β < ω.
It is easy to see that h(β) is a limit ordinal number for each β  ω and h(β) < h(α)
provided β < α.
Let X be a space, F ⊂X. Put
M˜C(X)|F =
{
σ = {αi}ni=1 ∈ FinC(X) | for all disjoint families βi
refining αi, i ∈ {1, . . . , n} the family
n⋃
i=1
βi does not cover F
}
.
Lemma 9. For each F ⊂X we have M˜C(X)|F  dimC F
Proof. If F is finite, then we have M˜C(X)|F = 0. Consider the case with F infinite. Then
we can refine each finite cover U of X by the finite cover V such that U |F = V|F .
The relation ‘V refines U ’ is a preorder on the set C(X). It is easy to check that the
family M˜C(X)|F is admissible. Let us define the function φ :C(X)→ C(F) by the formula
φ(V)= V|F for V ∈C(X). It is easy to check that our lemma follows from Lemma 5. ✷
Theorem 10. For each X with IndX  α we have dimC X  h(α).
Proof. For α < ω it is well known [4]. Let α  ω and suppose that the theorem is proved
for each β < α.
Consider any X with IndX  α. Let V = {V1, . . . , Vm} be an open cover of X. We have
to prove that OrdMVC(X) < h(α).
If V = {V1,V2} we can choose an open set O such that X \ V2 ⊂O ⊂ clO ⊂ V1 and
Ind BdO = β < α. Put BdO = B . We have that MVC(X) ⊂ M˜C(X)|B and
OrdMVC(X) Ord M˜C(X)|B  dimB  h(β) < h(α)
where the inequality dimC B  h(β) follows from the induction assumption.
Now let V = {V1, . . . , Vn} where n 3 and assume that for each U = {U1, . . . ,Us} with
s < n we have OrdMUC(X) < h(α). Choose V
′
n such that clV ′n ⊂ Vn and {V1, . . . , Vn−1,V ′n}
covers X. PutW = {Vn,X \ clV ′n}. Consider the cover U = {V1∪V ′n,V2 ∪V ′n, . . . , Vn−1 ∪
V ′n}. Put M1 = MWC(X), M2 = MUC(X) and M = MVC(X). We have OrdM1 < h(α) and
OrdM2 < h(α) by the last assumption.
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We will show that M1, M2 and M are as in Lemma 2. Let σ = {α1, . . . , αm} ∈M where
α1, . . . , αm are finite covers of X. Put
i =min({k | {α1, . . . , αk} /∈M1, 1 k m} ∪ {m}).
Then we see that {α1, . . . , αi−1} ∈M1 ∪ {∅}.
Let us show that {αi+1, . . . , αm} ∈M2 ∪ {∅}. Since i =m implies {αi+1, . . . , αm} = ∅,
we may assume that i < m. Then we have {α1, . . . , αi} /∈ M1 and we can find disjoint
open families β1, . . . , βi and open sets W1 ∩W2 = ∅ such that β1, . . . , βi refine α1, . . . , αi ,
W1 ⊂ Vn, W2 ∩ clV ′n = ∅ and the family {W1,W2} ∪ (
⋃i
l=1 βl) covers X.
Assume the contrary, i.e., that {αi+1, . . . , αm} /∈ M2. Then we can find disjoint
open families βi+1, . . . , βm and a disjoint open family β such that βi+1, . . . , βm refine
αi+1, . . . , αm, β refines U and β ∪ (⋃ml=i+1 βl) covers X.
Consider the disjoint open family γ = {W1} ∪ {B ∩W2 | B ∈ β}. Then we see that γ
refines V and γ ∪ (⋃ml=1 βl) covers X. We obtain a contradiction with {α1, . . . , αm} ∈M ,
hence {αi+1, . . . , αm} ∈M2.
Since h(α) is a limit ordinal number, we can use Lemma 2 and obtain that OrdMVC(X) <
h(α). The theorem is proved. ✷
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